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Exercise 7.7 (p.92)

Show that as a quadratic equation in c3, the Triple cross formula in normal form is
(cs+c¢1+co—2c100 — 1)2 =4ciea (1 —¢1) (1 —¢2)

or also incorporating the spreads,

(e3 — (c1e0 + 5152))2 = 4c1098189.
Solution
Given the Triple cross formula (p.92)
(c14+co+c3— 1)2 = 4cicacs,
we rearrange it as a quadratic equation in c3 to get
c§+2(01 +ca—2c1c0 — 1) es+ (1 + o 71)2 =0.
Complete the square to obtain

(Cg +c1+ ey —2c100 — 1)2 = (61 + ¢y — 2¢1c9 — 1)2 — (C1 +co — 1)2
= 46102 (1 — Cl) (]. — CQ)

in normal form, as required. Incorporate the spreads by setting ¢; = 1 —s; and ¢; = 1— s3, so that our equation

now becomes

dereasiss = (e3+1—s14+1—s2—(1—81)(1—s82)—1— 0102)2

= (Cg — C1C2 — 8182)2 .

The required result follows.



Exercise 7.8 (p.92)

Following Exercises 5.7 (p.64) and 7.1 (p.90), show that

1 C1 C2 1
1 1
(c1+ca+c3— 1)2 —4cic9c3 = —det “ €3
Co C3 1 1
1 1 1 2

Solution

We simply start with the right-hand side and see that

1 CcC1 C2 1

~ det ci 1 e3 1 _ c? + c% + cg + 2c1c9 + 2c1¢3 4 2¢9c3  deyeses
Cy C3 1 1 7261 — QCQ — 263 +1
1 1 1 2

(c1+co+c3— 1)2 — 4cicoc3

as required.

Exercise 7.9 (p.92)

Please note that the statement of the question is incorrect (see the errata provided with the book by Wildberger).

Exercise 7.10 (p.93)
Rewrite the Triple twist formula as a quadratic equation in ¢3 in normal form.

Solution

Given the Triple twist formula (p.93)
(t1 +to+1t3 — t1t2t3)2 =4 (t1tg + tits + tots + 2t1tats),
we rearrange and expand to obtain the equation

0 = 2412412+ 1232 — 2%toty — 2t115t5 — 2t1tols — 21ty — 21tz — 2oty — Stitats
= (5t — 2t1ta + 1) 85 + (—2tTta — 24145 — 8tyto — 2ty — 2to) b3 + (¢ — 2t1ta +13)
(tita — 1)°43 — 2 (4183 + t3to + t1 + to + dtite) t3 + (81 — 12),



which is now a quadratic equation in t3. We then complete the square to obtain

2
t1t3 + 13ty + 1 + to + 4ist FE2 4 128y 4ty + o + At1t
(t1t2—1)2 t§_2(12 1t2 1 2 12)t3+ 12+ 12+ 1+ 2+ 112

(tyty — 1) (tyty — 1)

2 2

(tita — 1)%ts — (3o + t1t] + dtato + 1 +t2) , 2ty + 112 + dtrts + 1 + £

_ Y -
(tyty — 1) (tyty — 1)

(1183 + B3ty + ty + t + Aty 1)

B (t1to — 1)4 ~ - t2)2

(6183 +tfte +t1 + 1o + 4t1t2)2 — (t1ty — D)* (11 — t2)?
N (tyty — 1)*

tity (4o — t1t3 + 3t3 + 1313 — tato +2) (481 — 63t + 3t3 + 1313 — t1ts + 2)
- (tyto — 1)* '

We multiply both sides of the equation by (t1ta — 1)4 to obtain a quadratic equation in ¢3 in normal form,

namely

2
((t1t2 — 1)ty — 2ty + t1t3 + Alyto + £y + tg)

— s (t1 (3t — 2ty + 4) + (trta — 1)2) (t2 (3t — 12 + 4) + (trts — 1)2) .

Exercise 7.11 (p.93)

Show that the Triple twist formula can be rewritten as

(t1 + by — tg — t1tots)® = 4t1ts (14 13)° .

Solution

From the result of Exercise 7.10, the Triple twist formula (p.93) can be expanded and rewritten as
2 4 12 F 12 2512 — 23 toty — 21taty — 2t1tats — 2tity — 21tz — 2oty — Stitats = 0.
Add both sides by 4¢1ts (1 + t3)2 to obtain
12+ 12 4+ 12 4+ 120242 — 22 tots — 2qt3ts 4 2qlots + 2ty — 2ty — oty = Abyty (1 + t3)°
and factorise the left hand side to obtain
(t +to — ts — trtats)? = dtrts (1 +t5)°

as required.

Exercise 7.12 (p.93)

Show that if three numbers r1, 72 and r3 satisfy

r1+r2+ 13 ="1r17T273



and t; =1}, to =3 and t3 = 73, then {t1,ts,3} satisfy the Triple twist formula.

Solution

If three numbers 71, 7o and r3 satisfy

1+ T2 + T3 = 1r17rers,

we square both sides and rearrange this equation to get
r2 42 42 —rires = =2 (rire + 1173 + 1213)
Define t; = 1%, to = r3 and t3 = 73 so that the above equation is rewritten as
t1 +to +t3 — tytots = =2 (rire + m173 + r273)
and square both sides of this equation to get

(tl +t2 +t3 —t1t2t3)2 = 4(’/"1’/’2 +7‘1’f‘3 +’I"27"3)2
= 4 (tltg + tltg + tztg) + 87’17“27"3 ('f'1 + T2 + 7“3)
= 4(titg + tits + tats + 2ty tats)

which is precisely the Triple twist formula (p.93).



